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HAMILTONIAN FLOER HOMOLOGY FOR COMPACT CONVEX
SYMPLECTIC MANIFOLDS
SERGEI LANZAT
Abstract. We construct absolute and relative versions of Hamiltonian Floer ho-
mology algebras for strongly semi-positive compact symplectic manifolds with con-
vex boundary, where the ring structures are given by the appropriate versions of the
pair-of-pants products. We establish the absolute and relative Piunikhin–Salamon–
Schwarz isomorphisms between these Floer homology algebras and the corresponding
absolute and relative quantum homology algebras. As a result, the absolute and
relative analogues of the spectral invariants on the group of compactly supported
Hamiltonian diffeomorphisms are defined.
1. Introduction.
In [14] U. Frauenfelder and F. Schlenk defined the Floer homology for weakly exact
compact convex symplectic manifolds. The authors also established the Piunikhin–
Salamon–Schwarz (PSS) isomorphism between the ring of Floer homology and the
ring of Morse homology of such manifolds. This in turn led to the construction of
the spectral invariants on the group of compactly supported Hamiltonian diffeomor-
phisms analogous to the spectral invariants constructed by M. Schwarz in [33] and by
Y.- G. Oh in [23] for closed symplectic manifolds. We extend the definitions and the
constructions of U. Frauenfelder and F. Schlenk to the case of strongly semi-positive
compact convex symplectic manifolds. As a result, we get absolute and relative ver-
sions of Hamiltonian Floer homology algebras, where the ring structures are given by
the appropriate versions of the pair-of-pants products. We establish the absolute and
relative Piunikhin–Salamon–Schwarz isomorphisms between these Floer homology al-
gebras and the corresponding absolute and relative quantum homology algebras. This
makes it possible to define the absolute and relative analogues of the spectral invari-
ants on the group of compactly supported Hamiltonian diffeomorphisms. In [17] we use
these spectral invariants to construct (partial) quasi-morphisms on the universal cover
H˜amc(M,ω) of the group of compactly supported Hamiltonian diffeomorphisms for a
certain class of non-closed strongly semi-positive symplectic manifolds (M,ω). This
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2 SERGEI LANZAT
leads to a construction of (partial) symplectic quasi-states on the space of continuous
functions on M that are constant near infinity.
Finally, let us mention that after the preprint of the paper had been published, A.
Ritter pointed to us about his construction of the Floer cohomology for strongly semi-
positive non-compact convex symplectic manifolds in [30]. In the same paper he also
sketched the construction of the quantum intersection product on the corresponding
locally finite quantum homology group. This corresponds to our ∗3 product in (6).
1.1. Setting. We shall always work over the base field F, which is either Z2 or Q. Con-
sider a 2n-dimensional compact symplectic manifold (M,ω) with non-empty boundary
∂M . Recall the following
Definition 1.1. (cf. [14], [19], [21]) The boundary ∂M is called convex if there exists
a Liouville vector field X (i.e. LXω = dιXω = ω), which is defined in the neighborhood
of ∂M and which is everywhere transverse to ∂M , pointing outwards; equivalently,
there exists a 1-form α on ∂M such that dα = ω |∂M and such that α ∧ (dα)n−1 is a
volume form inducing the boundary orientation of ∂M ⊂ M . Therefore, (∂M, kerα)
is a contact manifold, and that is why a convex boundary is also called of a contact
type. A compact symplectic manifold (M,ω) with non-empty boundary ∂M is convex if
∂M is convex. A non-compact symplectic manifold (M,ω) is convex if there exists an
increasing sequence of compact convex submanifolds Mi ⊂M exhausting M , that is,
M1 ⊂M2 ⊂ . . . ⊂Mi ⊂ . . . ⊂M and
⋃
i
Mi = M.
Recall that an almost complex structure on a smooth 2n-dimensional manifold M is
a section J of the bundle End TM such that J2(x) = −1TxM for every x ∈ M . An
almost complex structure J on M is called compatible with ω ( or ω-compatible) if
gJ := ω ◦ (1× J) defines a Riemannian metric on M . Denote by J (M,ω) the space of
all ω-compatible almost complex structures on (M,ω).
Given (M,ω) and J ∈ J (M,ω), then (TM, J) becomes a complex vector bundle
and, as such, its first Chern class c1(TM, J, ω) ∈ H2(M ;Z) is defined. Note that since
the space J (M,ω) is non-empty and contractible, (see [20, Proposition 4.1, (i)]), the
class c1(TM, J, ω) does not depend on J ∈ J (M,ω), and we shall denote it just by
c1(TM,ω).
Denote by HS2 (M) the image of the Hurewicz homomorphism pi2(M) → H2(M,Z).
The homomorphisms c1 : H
S
2 (M) → Z and ω : HS2 (M) → R are given by c1(A) :=
c1(TM,ω)(A) and ω(A) = [ω](A) respectively.
Definition 1.2. (cf. [15], [19]) A symplectic 2n-manifold (M,ω) is called strongly
semi-positive, if ω(A) ≤ 0 for any A ∈ HS2 (M) with 2− n ≤ c1(A) < 0.
Next, we recall the definition of the quantum homology of compact convex symplectic
manifolds, see [16], [18]. First of all, recall the definition of the intersection products
for a manifold with boundary.
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Definition 1.3. Homomorphisms
•1 : Hi(M ;F)⊗Hj(M ;F)→ Hi+j−2n(M ;F)
•2 : Hi(M ;F)⊗Hj(M,∂M ;F)→ Hi+j−2n(M ;F)
•3 : Hi(M,∂M ;F)⊗Hj(M,∂M ;F)→ Hi+j−2n(M,∂M ;F)
given by
a •1 b := PLD2
(
PLD−12 (b) ∪ PLD−12 (a)
)
a •2 b := PLD2
(
PLD−12 (b) ∪ PLD−11 (a)
)
a •3 b := PLD1
(
PLD−11 (b) ∪ PLD−11 (a)
)
are called the intersection products in homology.
Here, Hj(M ;F) PLD1−→ H2n−j(M,∂M ;F), Hj(M,∂M ;F) PLD2−→ H2n−j(M ;F) are the Poincare´-
Lefschetz isomorphisms given by PLDi(α) := α ∩ [M,∂M ], i = 1, 2, where [M,∂M ] is
the relative fundamental class, i.e. the positive generator of H2n(M,∂M ;F) ∼= F.
Now, consider the following Novikov ring Λ. Let
(1) G := G(M,ω) :=
1
2
ω
(
HS2 (M)
) ⊆ R
be the subgroup of half-periods of the symplectic form ω on spherical homology classes.
Let s be a formal variable. Define the field KG of generalized Laurent series in s over
F of the form
(2) KG :=
{
f(s) =
∑
α∈G
zαs
α, zα ∈ F| #{α > c|zα 6= 0} <∞, ∀c ∈ R
}
Definition 1.4. Let q be a formal variable. The Novikov ring Λ := ΛG is the ring of
polynomials in q, q−1 with coefficients in the field KG, i.e.
(3) Λ := ΛG := KG[q, q−1].
We equip the ring ΛG with the structure of a graded ring by setting deg(s) = 0 and
deg(q) = 1. We shall denote by Λk the set of elements of Λ of degree k. Note that Λ0 =
KG. The ring Λ admits the following valuation. The valuation ν : KG → G ∪ {−∞}
on the field KG is given by
(4)
 ν
(
f(s) =
∑
α∈G
zαs
α
)
:= max{α|zα 6= 0}, f(s) 6≡ 0
ν(0) = −∞.
Extend ν to Λ by ν(λ) := max{α|pα 6= 0}, where λ is uniquely represented by
λ =
∑
α∈G
pαs
α, pα ∈ F[q, q−1].
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The absolute quantum homology QH∗(M ; Λ) and the relative quantum homology
QH∗(M,∂M ; Λ) are defined as follows. As modules, they are graded modules over Λ
defined by QH∗(M ; Λ) := H∗(M ;F)⊗F Λ and QH∗(M,∂M ; Λ) := H∗(M,∂M ;F)⊗F Λ.
A grading on both modules is given by deg(a⊗ zsαqm) = deg(a) +m. Next, we define
the quantum products ∗l, l = 1, 2, 3, which are deformations of the classical intersection
products •l, l = 1, 2, 3. Choose a homogeneous basis {ek}dk=1 of H∗(M ;F), such that
e1 = [pt] ∈ H0(M ;F). Let {e∨k}dk=1 be the dual homogeneous basis of H∗(M,∂M ;F)
defined by 〈ei,PLD−11 (e∨j )〉 = δij, where 〈·, ·〉 is the Kronecker pairing. Consider the
group
(5) Γ := Γ(M,ω) :=
HS2 (M)
ker(c1) ∩ ker(ω) .
Let A ∈ HS2 (M) and let [A] ∈ Γ be the image of A in Γ. Bilinear homomorphisms of
Λ-modules
(6)
∗1 : QH∗(M ; Λ)×QH∗(M ; Λ)→ QH∗(M ; Λ)
∗2 : QH∗(M ; Λ)×QH∗(M,∂M ; Λ)→ QH∗(M ; Λ)
∗3 : QH∗(M,∂M ; Λ)×QH∗(M,∂M ; Λ)→ QH∗(M,∂M ; Λ)
are given as follows. Let a ∈ Hi(M ;F), b ∈ Hj(M ;F) and let c ∈ Hi(M,∂M ;F), d ∈
Hj(M,∂M ;F). Then
(7)
a ∗1 b :=
∑
[A]∈Γ
 d∑
i=1
∑
A′∈[A]
GWA′,2,3(a, b, e
∨
i )ei
⊗ s−ω(A)q−2c1(A),
a ∗2 d :=
∑
[A]∈Γ
 d∑
i=1
∑
A′∈[A]
GWA′,1,3(a, d, e
∨
i )ei
⊗ s−ω(A)q−2c1(A),
c ∗3 d :=
∑
[A]∈Γ
 d∑
i=1
∑
A′∈[A]
GWA′,1,3(c, d, ei)e
∨
i
⊗ s−ω(A)q−2c1(A),
with deg(a ∗1 b) = deg(a ∗2 d) = deg(c ∗3 d) = i + j − 2n. We extend these F-bilinear
homomorphisms on classical homologies to Λ-bilinear homomorphisms on quantum
homologies by Λ-linearity. Here,
GWA,p,m : H∗(M ;F)×p ×H∗(M,∂M ;F)×(m−p) → F
stands for the genus zero Gromov-Witten invariant relative to the boundary, see [16],
[18].
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Like in the closed case, we have different natural pairings. The KG-valued pairings
are given by
(8)
∆1 : QHk(M)×QH2n−k(M)→ Λ0 = KG,
∆2 : QHk(M)×QH2n−k(M,∂M)→ Λ0 = KG,
∆l (a, b) := ı(a ∗l b), for l = 1, 2,
where the map
ı : QH0(M) =
⊕
i
Hi(M ;F)⊗F Λ−i → KG
sends [pt]⊗ f0(s) +
∑2n
m=1 am⊗ fm(s)q−m to f0(s). The F-valued pairings are given by
(9)
Π1 : QHk(M)×QH2n−k(M)→ F,
Π2 : QHk(M)×QH2n−k(M,∂M)→ F,
Πl =  ◦∆l, for l = 1, 2,
where the map  : KG → F sends f(s) =
∑
α zαs
α ∈ KG to z0. Moreover, the
pairings ∆2 and Π2 are non-degenerate. Since the quantum homology groups are
finite-dimensional KG-vector spaces in each degree, it follows that the paring ∆2 gives
rise to Poincare´-Lefschetz duality over the field KG.
1.2. Structure of the paper. In Section 2 we construct absolute and relative versions
of Floer homology groups for strongly semi-positive compact symplectic manifolds with
convex boundary and show the Poincare´-Lefschetz duality between them. These groups
are equipped with ring structures by means of the appropriate versions of the pair-of-
pants products. We establish the absolute and relative Piunikhin–Salamon–Schwarz
isomorphisms between these Floer homology algebras and the corresponding absolute
and relative quantum homology algebras mentioned above.
In Section 3 we define the absolute and relative analogues of the spectral invariants
on the group of compactly supported Hamiltonian diffeomorphisms. We show that
these invariants satisfy the standard properties analogously to the closed case.
2. Floer homology
From now on let (M,ω) be a strongly semi-positive compact convex 2n-dimensional
symplectic manifold. In the following Sections 2.1− 2.2 we recall important technical
notations and facts discussed in [14].
2.1. Completion of a convex symplectic manifold. Let X be a Liouville vector
field (see Definition 1.1), which is defined in some neighborhood of ∂M and which
is everywhere transverse to ∂M , pointing outwards. Using X we can symplectically
identify a neighborhood of ∂M with
(∂M × (−2ε, 0], d (erα))
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for some ε > 0, where α = ιXω is the Liouville 1-form. In this identification we
used coordinates (x, r) on ∂M × (−2ε, 0], and in these coordinates, X(x, r) = ∂
∂r
on
∂M×(−2ε, 0]. We can thus view M as a compact subset of the non-compact symplectic
manifold (M̂, ω̂) defined as
M̂ = M ∪∂M×{0} ∂M × [0,∞),
ω̂ =
{
ω on M,
d (erα) on ∂M × (−2ε,∞),
and X smoothly extends to ∂M × (−2ε,∞) by
X̂(x, r) :=
∂
∂r
, (x, r) ∈ ∂M × (−2ε,∞).
For any r ∈ R we denote the open “tube” ∂M × (r,∞) by Pr:
Pr := ∂M × (r,∞).
Let φt := φt
X̂
be the flow of X̂. Then φr(x, 0) = (x, r) for (x, r) ∈ P−2ε. Choose an
ω̂-compatible almost complex structure Ĵ on M̂ , such that
ω̂
(
X̂(x), Ĵ(x)v
)
= 0, x ∈ ∂M, v ∈ Tx∂M,(10)
ω̂
(
X̂(x), Ĵ(x)X̂(x)
)
= 1, x ∈ ∂M,(11)
d(x,0)φ
rĴ(x, 0) = Ĵ(x, r)d(x,0)φ
r, (x, r) ∈ P−2ε,(12)
Definition 2.1. For any smooth manifold B define the subset Ĵ B of the set of smooth
sections Γ
(
M̂ ×B,End(TM̂)) by
Ĵ ∈ Ĵ B ⇔ Ĵb := Ĵ(·, b) is ω̂-compatible and satisfies (10), (11) and (12).
For any r ≥ −2ε define Ĵ B,Pr to be the set of all Ĵ ∈ Ĵ B that are independent of the
b-variable on Pr. And, at last, we define the set
J B,Pr :=
{
J ∈ Γ (M ×B,End(TM)) | J = Ĵ |M×B for some Ĵ ∈ Ĵ B,Pr
}
.
By [8, Remark 4.1.2] or [9, discussion on page 106], the space Ĵ B,Pr is non-empty
and connected. Since the restriction map Ĵ B,Pr → J B,Pr is continuous, J B,Pr is also
non-empty and connected.
Let e ∈ C∞ (P−2ε) be given by e(x, r) := er.
Theorem 2.2. ([14, Theorem 2.1]) For h ∈ C∞(R) define H ∈ C∞ (P−2ε) by
H(p) = h(e(p)), p ∈ P−2ε.
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Let Ω be a domain in C and let Ĵ ∈ Ĵ Ω. If u ∈ C∞ (Ω, P−2ε) is a solution of Floer’s
equation
(13) ∂su(z) + Ĵ(u(z), z)∂tu(z) +∇H(u(z)) = 0, z = s+ it ∈ Ω,
then
(14) ∆(e(u)) = gĴ(∂su, ∂su)− h′′(e(u)) · ∂s(e(u)) · e(u).
Theorem 2.3 (The case of a time-dependent Hamiltonian). ([14, Remark 2.2]) Let
h ∈ C∞(R2,R) and define H ∈ C∞ (P−2ε × R) by
H(p, s) = h(e(p), s), p ∈ P−2ε, s ∈ R.
Let Ω be a domain in C and let Ĵ ∈ Ĵ Ω. If u ∈ C∞ (Ω, P−2ε) is a solution of the
time-dependent Floer equation
(15) ∂su(z) + Ĵ(u(z), z)∂tu(z) +∇H(u(z), s) = 0, z = s+ it ∈ Ω,
then
∆(e(u)) = gĴ(∂su, ∂su)− ∂21h(e(u), s) · ∂se(u) · e(u)− ∂1∂2h(e(u), s) · e(u).
Corollary 2.4 (Maximum Principle). ([14, Corollary 2.3]) Assume that u ∈ C∞ (Ω, P−2ε)
and that one of the following conditions holds.
(i) u is a solution of Floer’s equation (13);
(ii) u is a solution of the time-dependent Floer equation (15) and ∂1∂2h ≤ 0.
If e ◦ u attains its maximum on Ω, then e ◦ u is constant.
2.2. Admissible Hamiltonians on M . Recall that given a smooth function (Hamil-
tonian) H : S1×M → R one defines a time-dependent smooth vector field XHt , called
the Hamiltonian vector field of H, by
XHt : M → TM, ω(XHt , ·) = −dHt(·) for all t ∈ S1,
where Ht(·) := H(t, ·). A flow generated by XHt will be denoted by φtH .
Let R be the Reeb vector field of the Liouville form α on ∂M . Recall that R is
uniquely defined by
(16) ωx(v,R) = 0 and ωx(X,R) = 1, x ∈ ∂M, v ∈ Tx∂M.
Note that R = Ĵ X̂|∂M for any Ĵ ∈ Ĵ B,P−2ε . It follows that for any h ∈ C∞(R) the
Hamilton equation x˙ = XHt(x) of H = h ◦ e : P−2ε → R restricted to ∂M has the form
(17) x˙(t) = h′(1)R(x(t)).
Define the Reeb period κ ∈ (0,∞] of R by
(18) κ := inf
c>0
{x˙(t) = cR(x(t)) has a non-constant 1-periodic solution} .
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Define two sets of smooth functions Ĥ± ⊆ C∞(S1 × M̂) by
(19) Ĥ ∈ Ĥ+ ⇔ ∃h ∈ C∞(R) such that
{
0 ≤ −h′(er) < κ ∀r ≥ 0,
Ĥ|S1×P0 = h ◦ e,
Ĥ ∈ Ĥ− ⇐⇒ −Ĥ ∈ Ĥ+.
Note the sign convention of h′(er). By (17), (18) and (19) , we have that for any
Ĥ ∈ Ĥ± the restriction of the flow φt
Ĥ
to P0 has no non-constant 1-periodic solutions.
Next, we define two sets of admissible Hamiltonian functions on M by
(20) H± :=
{
H ∈ C∞(S1 ×M) | H = Ĥ|S1×M for some Ĥ ∈ Ĥ
±}
.
Note that the space Hc(M) of C∞-smooth functions on S1 × M , whose support is
compact and is contained in S1 × (M r ∂M) is a subset of H+ ∩H−.
Given H ∈ C∞(S1 ×M), we denote the set of contractible 1-periodic orbits of φtH
by PH , i.e.
PH := {x : S1 →M | x(t) = φtH(x(0)), x is a contractible loop}.
For a generic (in the Baire sense in the Floer topology) H ∈ H± we have
(21) det
(
id−dx(0)φ1H
) 6= 0
for all x ∈ PH . See [15, Theorem 3.1]. Since M is compact, PH is a finite set. An
admissible H satisfying (21) for all x ∈ PH is called regular, and the set of regular
admissible Hamiltonians is denoted by H±reg ⊂ H±. Note that for H ∈ H±reg the
corresponding function h ∈ C∞(R) satisfies h′(1) 6= 0.
Denote by L the space of smooth contractible loops x : S1 →M . Let L˜ be a covering
of L, whose elements are equivalence classes x := [x, x¯] of pairs (x, x¯), where x ∈ L
and x¯ : D2 = {z ∈ C | |z| ≤ 1} → M satisfies x¯(eit) = x(t), and where (x1, x¯1) and
(x2, x¯2) are equivalent if and only if
x1 = x2, ω(x¯1#(−x¯2)) = 0, c1(x¯1#(−x¯2)) = 0.
The group Γ acts on equivalence classes x by Ax = [x, x¯#(−A)], for any A ∈ Γ, and
L = L˜/Γ. Denote by P˜H the full lift of PH to L˜, i.e. P˜H = {x = [x, x¯] ∈ L˜ |x ∈ PH}.
There exists an integral grading µ : P˜H → Z by means of the Conley-Zehnder index,
namely µ(x) = n − µCZ(x), see [15, Section 5]. For a C2-small autonomous Morse
Hamiltonian f and x ∈ Crit(f), we have that µ(x) = indf (x), where the critical point
x of f is viewed as a constant path and x¯ is the trivial disk. Under the action of Γ the
Conley-Zehnder grading behaves as follows: µ (Ax) = µ(x) + 2c1(A). For H ∈ H± the
symplectic action functional AH : L˜ → R is given by
(22) AH(x) := −
∫
D2
x¯∗ω +
∫
S1
H(t, x(t)) dt.
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It is well-defined on L˜. Note that AH(Ax) = AH(x) + ω(A) for any A ∈ Γ. We also
note that the set P˜H can be viewed as the set of critical points of AH , see [4, Section
5.3]. We denote by Spec(H) the action spectrum of H, i.e.
(23) Spec(H) =
{
AH(x) ∈ R |x ∈ P˜H
}
.
The action spectrum is a measure zero set of R, see [22, Lemma 2.2].
2.3. Floer homology groups. For a regular admissible H ∈ H±reg , consider the free
Λ-module P˜H⊗Λ. The grading on Λ and the µ-grading on P˜H give rise to the grading
(24) deg : P˜H ⊗ Λ→ Z, deg(x⊗ zsαqm) = µ(x) +m.
Denote by R the Λ-submodule of P˜H⊗Λ generated by Ax⊗1−x⊗sω(A)q2c1(A), for all
x ∈ P˜H , A ∈ Γ. Since deg(Ax⊗1) = deg(x⊗sω(A)q2c1(A)) = µ (Ax), we get the graded
Λ-module CF∗(H; Λ) :=
P˜H ⊗ Λ
R
. The next step is to define a Λ-linear differential
∂ : CF∗(H; Λ) → CF∗(H; Λ) of a graded degree −1. This is a Morse-type differential
that counts the algebraic number of isolated Floer cylinders connecting critical points
of AH , i.e. elements of P˜H . Take J ∈ J S1,P−2ε and for each pair x = [x, x¯] and
y = [y, y¯] in P˜H , let M(x,y;H, J) be the moduli space of Floer connecting cylinders
from x to y, namely the set of solutions u ∈ C∞(R× S1,M) of the problem
(25)

∂su+ Jt(u) (∂tu−XHt(u)) = 0,
lim
s→−∞
u(s, t) = x(t), lim
s→+∞
u(s, t) = y(t),
x¯#u#(−y¯) represents the zero class in Γ.

The additive group R acts on M(x,y;H, J) by translations
R 3 τ : u(s, t) 7→ u(s+ τ, t).
Denote by M̂(x,y;H, J) the quotient spaceM(x,y;H, J)/R. By the “Maximum Prin-
ciple”, see Corollary 2.4, every solution of (25) lies in M r ∂M . So we can apply the
results of [15, Section 3] and [34, Section 3]. It follows that for generic J ∈ J S1,P−2ε
the space M(x,y;H, J) is a smooth manifold of dimension µ(x) − µ(y). Following
[14], such a generic J will be called H-regular. A pair (H, J) will be called regular,
if H ∈ H±reg and J is H-regular. The manifold M(x,y;H, J) carries an orientation
by orienting the determinant bundle of the Cauchy-Riemann operator, see [13, Section
6]. Moreover, if µ(x)− µ(y) = 1, then the quotient space M̂(x,y;H, J) is a compact
zero-dimensional oriented manifold. Hence it is a finite set of points, each of which is
equipped with an orientation sign ±1. Denote by nH,J(x,y) := #FM̂(x,y;H, J) its
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algebraic (over F) number of elements, and define the differential by
(26) ∂(x⊗ 1) :=
∑
y∈P˜H
µ(y)=µ(x)−1
nH,J(x,y)y ⊗ 1.
It follows from [15, Theorem 3.3] and [34, Corollary 3.4] that the sum in (26) is a
finite linear combination of elements of P˜H over Λ modulo the relation submodule R.
Hence, ∂(x ⊗ 1)(mod R) ∈ CF∗(H; Λ) for all x ∈ P˜H . Extending ∂ by Λ-linearity to
the whole CF∗(H; Λ), we get a well-defined Λ-homomorphism
∂ := ∂H,J : CF∗(H; Λ)→ CF∗−1(H; Λ).
Repeating the original proof of Floer in [12], we conclude that ∂2 = 0. It follows that
(CF∗(H; Λ), ∂H,J) is a chain complex and its homology H∗(CF∗(H; Λ), ∂H,J) is called
the Floer homology over Λ and will be denoted by HF∗(H, J ; Λ).
Now, suppose (Hα, Jα) and (Hβ, Jβ) are two regular pairs. We would like to compare
the corresponding HF∗(Hα, Jα; Λ) and HF∗(Hβ, Jβ; Λ). Let Hs be a homotopy con-
necting Hα and Hβ. Recall that on the tube P0, the homotopy has a form Hs = hs(e
r).
If ∂sh
′
s ≤ 0 on the tube P0, the continuation map is well-defined, see [28, Section 2.9].
Note that if ∂sh
′
s = 0 on the tube P0, the continuation map is an isomorphism. But
for general (monotone decreasing on P0) homotopy, it is only a homomorphism.
Remark 2.5. For any k ∈ Z the sets CFk(H; Λ) and HFk(H, J ; Λ) are finite-dimensional
vector spaces over the field Λ0 = KG. There exists a basis of CF∗(H; Λ) consisting of
elements of the form x⊗ qm, with x ∈ P˜H .
The action functional AH and the valuation ν define the following filtration on the
above Λ-modules. Let (H, J) be a generic pair. Define a map
`H : CF∗(H; Λ)→ R ∪ {−∞}
by
(27)
 `H
(
c =
∑
i
xi ⊗ λi
)
:= max{AH(xi) + ν(λi)| λi 6= 0},
`H(0) = −∞.
Since `H(Ax ⊗ 1) = `H
(
x⊗ sω(A)q2c1(A)) = AH(Ax), the map `H is well-defined. Let
α ∈ Rr Spec(H) and define a subspace CF (−∞,α)∗ (H; Λ) of CF∗(H; Λ) by
(28) CF (−∞,α)∗ (H; Λ) := {c ∈ CF∗(H; Λ)|`H(c) < α}.
For any u ∈M(x,y;H, J), the flow energy
E(u) :=
∫
R×S1
gJ(∂su, ∂su)ds ∧ dt
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equals to AH(x)−AH(y) ≥ 0. Hence
(29) `H(∂c) < `H(c)
for any c ∈ CF∗(H; Λ). We conclude that the differential ∂ preserves this subspace.
Note that if ω 6= 0, the subspace CF (−∞,α)∗ (H; Λ) is only an F-submodule of CF∗(H; Λ).
Therefore, the quotient space
(30) CF
(α,∞)
∗ (H; Λ) :=
CF∗(H; Λ)
CF
(−∞,α)
∗ (H; Λ)
is well-defined, and the differential ∂ induces a chain complex structure on it. Define
the filtered Floer homology groups by
(31)
HF (−∞,α)∗ (H, J ; Λ) := H∗(CF
(−∞,α)
∗ (H,Λ), ∂),
HF (α,∞)∗ (H, J ; Λ) := H∗(CF
(α,∞)
∗ (H,Λ), ∂).
Let piα : CF∗(H; Λ)  CF (α,∞)∗ (H; Λ) be the natural projection, and let iα :
CF
(−∞,α)
∗ (H; Λ) ↪→ CF∗(H; Λ) be the inclusion map. Then we have induced homo-
morphisms in homology
(32)
iα∗ : HF
(−∞,α)
∗ (H, J ; Λ)→ HF∗(H, J ; Λ),
piα∗ : HF∗(H, J ; Λ)→ HF (α,∞)∗ (H, J ; Λ).
The homological exact sequence yields Ker (piα∗ ) = Im (i
α
∗ ).
2.4. Poincare´-Lefschetz duality. For any H ∈ H± let H(−1) : S1 ×M → R be the
Hamiltonian function defined by H(−1)(t, x) := −H(−t, x). It follows that the flow
φt
H(−1) generated by H
(−1) is given by φ1−tH ◦ (φ1H)−1 and that H(−1) ∈ H∓. Moreover,
we have H ∈ H±reg ⇔ H(−1) ∈ H∓reg. In addition, there are bijective correspondences
PH 3 x 1:1←→ x(−1) ∈ PH(−1) ,
P˜H 3 x = [x, x¯] 1:1←→ x(−1) =
[
x(−1), x¯(−1)
] ∈ P˜H(−1) ,
where x(−1)(t) := x(−t), x¯(−1)(z) = x¯(z¯), and
M(x,y;H, J) 3 u 1:1←→ u(−1) ∈M (y(−1),x(−1);H(−1), J (−1))
where u(−1)(s, t) := u(−s,−t) and J (−1)(t, p) := J(−t, p). In view of these correspon-
dences, we have µ
(
x
(−1)) = 2n − µ(x) and AH(x) = −AH(−1) (x(−1)). Following the
general algebraic theory of M. Usher, see [36], we conclude that the chain complexes
CF∗(H,Λ) and CF∗(H(−1),Λ) are graded filtered (Floer-Novikov) complexes, which
are opposite to each other. Therefore, following [11], [26] and [36], we define several
pairings between opposite complexes. Firstly, let us fix Λ-generators of CF∗(H,Λ),
namely CF∗(H,Λ) = SpanΛ(x1, . . . ,xs), s = |PH |. Here, we abuse notation while
writing x instead of x⊗ 1. Then, of course, CF∗(H(−1),Λ) = SpanΛ
(
x
(−1)
1 , . . . ,x
(−1)
s
)
,
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and we define an Λ-valued pairingL # : CF∗(H,Λ)×CF∗
(
H(−1),Λ
)→ Λ by extending
Λ-linearly the relation L #
(
xi,x
(−1)
j
)
= δij, i.e.
(33) L #
(
s∑
i=1
λixi,
s∑
j=1
λ′jx
(−1)
j
)
=
∑
ij
λiλ
′
jδij.
The pairing L # is non-degenerate and satisfies L #
(
∂x,y(−1)
)
= L #
(
x, δy(−1)
)
, for
any x ∈ P˜H , y ∈ P˜H(−1) . Here δ := ∂H(−1),J(−1) , see [36, Section 1.4]. For any k ∈ Z
the pairing L # restricts to a non-degenerate KG-valued pairing
L# := L #|CFk(H,Λ)×CF2n−k(H(−1),Λ) : CFk(H,Λ)× CF2n−k
(
H(−1),Λ
)→ KG.
Since CFk(H,Λ) and CF2n−k
(
H(−1),Λ
)
are finite-dimensional vector spaces over the
field KG, the pairing L# gives rise to an isomorphism
CFk(H,Λ) ∼= HomKG
(
CF2n−k
(
H(−1),Λ
)
,KG
)
.
By the universal coefficient theorem, we obtain the Poincare´-Lefschetz duality isomor-
phism
(34) HFk(H, J ; Λ) ∼= HomKG
(
HF2n−k
(
H(−1), J (−1); Λ
)
,KG
)
.
The equality L# (∂x,y(−1)) = L# (x, δy(−1)) implies that L# descends to a pairing
(35) L : HFk(H, J ; Λ)×HF2n−k
(
H(−1), J (−1); Λ
)→ KG,
which is non-degenerate by the Poincare´-Lefschetz duality isomorphism.
We can go further and consider a F-valued pairing
L# : CFk(H,Λ)× CF2n−k
(
H(−1),Λ
)→ F
defined by L# :=  ◦ L#. Recall that the map  : KG → F sends
∑
α zαs
α to z0. The
pairing L# is non-degenerate and satisfies the equation
L#
(
∂x,y(−1)
)
= nH,J(x,y) = nH(−1),J(−1)(y
(−1),x(−1)) = L#
(
x, δy(−1)
)
for any x ∈ P˜H , y(−1) ∈ P˜H(−1) . This implies that L# descends to a F-bilinear pairing
(36) L :=  ◦ L : HFk(H, J ; Λ)×HF2n−k
(
H(−1), J (−1); Λ
)→ F.
The paring L is obviously non-degenerate. We can consider restrictions of L# and L to
the filtered Floer chain groups, which are only F-vector subspaces of the full Floer chain
groups. Firstly, we note that since µ
(
x
(−1)) = 2n−µ(x) and AH(x) = −AH(−1) (x(−1))
we have L#|
CF
(−∞,α]
k (H,Λ)×CF
(−∞,−α)
2n−k (H(−1),Λ)
= 0. Hence, L# descends to the quotient
CF
(α,∞)
k (H,Λ), namely we obtain a well-defined F-bilinear non-degenerate pairing
L#α : CF
(α,∞)
k (H,Λ)× CF (−∞,−α)2n−k
(
H(−1),Λ
)→ F.
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Once again the equation L#
(
∂x,y(−1)
)
= L#
(
x, δy(−1)
)
leads to a well-defined F-
bilinear pairing in homology
(37) Lα : HF
(α,∞)
k (H, J ; Λ)×HF (−∞,−α)2n−k
(
H(−1), J (−1); Λ
)→ F.
A non-trivial theorem due to M. Usher [36, Theorem 1.3] states that Lα is non-
degenerate. Note that in the case G = ω(Γ) ≤ R is a discrete subgroup, this theorem
was proved by M. Entov and L. Polterovich in [11] and by Y. Ostrover in [26].
2.5. The pair-of-pants products. In order to define ring structures on the Floer
homology groups in terms of pair-of-pants products we shall follow the method of A.
Ritter developed in [29, Section 16].
Consider the following data:
(i) a Riemann sphere (S, j) with two negative and one positive punctures, with
a fixed choice of complex structure j and a fixed choice of parametrization
z = s + it ∈ (−∞, 0] × S1 and z = s + it ∈ [0,∞) × S1 respectively near the
negative and positive punctures so that j∂s = ∂t. These parametrizations will
be called the cylindrical ends.
(ii) a closed 1-form β on S, such that on the negative cylindrical ends β = 1
2
dt and
on the positive cylindrical end β = dt for large |s|. By [29, Lemma 16.1] such
a form exists.
Let (H±, J±), H± ∈ H± and x± = [x±, x¯±] ∈ P˜ 1
2
H± , y
± = [y±, y¯±] ∈ P˜ 1
2
H± ,
z
± = [z±, z¯±] ∈ P˜H± . LetMPP (x±,y±, z±, S, β) be the moduli space of smooth maps
u : S → M̂ , such that
(38)

du−XH± ⊗ β is (j, J±)-holomorphic,
u converges to x±, y± at the negative ends
and converges to z± at the positive end,
(x¯± ∪ y¯±)#u#(−z¯±) represents the zero class in Γ.
Recall that du−XH± ⊗ β is (j, J±)-holomorphic means that
(du−XH± ⊗ β)0,1 := 1
2
{(du−XH± ⊗ β) + J± ◦ (du−XH± ⊗ β) ◦ j} = 0.
On a cylindrical end this becomes Floer’s equation ∂su+ J
±(∂tu− cXH±) = 0 for the
Hamiltonians cH±, where c ∈ {1
2
, 1} . For a generic perturbation of (H±, J±) as in [29,
Section 16.5], the moduli spaceMPP (x±,y±, z±, S, β) is a smooth orientable manifold
of dimension
dimMPP (x±,y±, z±, S, β) = µ(x±) + µ(y±)− µ(z±)− 2n.
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By [29, Section 16.3], we have a sharp energy estimate. Namely, for any u ∈
MPP (x±,y±, z±, S, β), its energy E(u) is defined by
E(u) :=
1
2
∫
S
‖du−XH± ⊗ β‖2volS.
Since dβ = 0, we have
(39) E(u) = A 1
2
H±(x
±) +A 1
2
H±(y
±)−AH±(z±).
By [29, Section 16.7] the MPP (x±,y±, z±, S, β) can be compactified by means of
broken Floer solutions.
The above setup allows us to repeat the classical arguments from [32], [27] and [34] in
order to define pair-of-pants products according to the class of Hamiltonians. Namely,
for regular pairs (H±, J±), H± ∈ H±, we have two homomorphisms
(40) ∗±PP : HFk(12H±, J±; Λ)⊗HFl(12H±, J±; Λ)→ HFk+l−2n(H±, J±; Λ).
The products ∗±PP are independent of the choices (β, j, J±) relative to the ends, see [29,
Theorem 16.10].
2.6. Morse-theoretical description of quantum homology algebras. Let X be
a Liouville vector field on M , which is defined in some neighborhood of ∂M and which
is everywhere transverse to ∂M , pointing outwards. Using the flow of X we can identify
an open neighborhood U of ∂M with ∂M × (−ε, 0] for some ε > 0.
Let f ∈ C∞(M) be a Morse function. Denote by Critk(f) the set of critical points
of f of the Morse index indf (x) = k, and let Crit(f) =
⋃2n
k=0 Critk(f) be the set of
all critical points of f . Fix some Riemannian metric g on M , and let x ∈ Crit(f).
Recall that the stable and unstable manifolds of the critical point x w.r.t. the negative
gradient flow φt := φt−∇gf are the subsets
W s(x; f, g) := {y ∈M | lim
t→+∞
φt(y) = x}
W u(x; f, g) := {y ∈M | lim
t→−∞
φt(y) = x}.
We shall consider the special class of Morse functions on M for which the Morse
homology algebra is well-defined and isomorphic to the singular homology algebra of
M . Let F+(g) ⊆ C∞(M) be the set of all Morse functions f on M , such that
(U1) Crit(f)∩U = ∅ and the gradient vector field∇gf of f is everywhere transversal
to ∂U ,
(U2) The negative gradient vector field −∇gf points outwards along U .
We define also the set F−(g) := −F+(g) := {f ∈ C∞(M)| − f ∈ F+(g)}. If f ∈
F+(g) and x ∈ Crit(f), then the stable manifold W s(x; f, g) lies in M r U and it is
diffeomorphic to R2n−indf (x). The unstable manifold W u(x; f, g) is a smooth manifold,
possibly with boundary, of dimension indf (x), and the boundary ∂W
u(x; f, g) lies in
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∂M . For a function f ∈ F−(g) we have a dual picture. A function f ∈ F±(g) will be
called an admissible Morse function .
Suppose that f ∈ F±(g) is Morse-Smale, i.e. the stable and unstable manifolds
of f intersect transversally. Then, for any x, y ∈ Crit(f) the set of parametrized
gradient trajectories Mx,y(f, g) := W u(x; f, g) t W s(y; f, g) connecting x and y is
a smooth oriented manifold without boundary of dimension indf (x) − indf (y). Note
that the intersection W u(x; f, g) t W s(y; f, g) is indeed well-defined: if f ∈ F+(g)
(f ∈ F−(g)) then the stable manifold W s(y; f, g) (the unstable manifold W u(x; f, g))
lies in M rU . The additive group R acts smoothly, freely and properly onMx,y(f, g)
by reparametrizations. It follows that the space M̂x,y(f, g) := Mx,y(f, g)/R of un-
parametrized gradient trajectories connecting x and y is a smooth oriented manifold
of dimension indf (x)− indf (y)− 1. If indf (x)− indf (y)− 1 = 0, then M̂x,y(f, g) is a
finite set of unparametrized trajectories, each of which is equipped with an orientation
sign ±1, see [31, Corollary 2.36]. Denote by nf,g(x, y) := #algM̂x,y(f, g) its algebraic
number of elements, and define the Morse complex (CM∗(f), ∂) by
CM∗(f) := Crit∗(f)⊗ F, ∂(x) =
∑
indf (x)−indf (y)=1
nf,g(x, y)y.
Theorem 2.6. (E.g. [31, Chapter 4]; [1, Sections 2.7, 2.8].)
Let f ∈ F±(g) be a Morse-Smale function.
(i) The Morse complex (CM∗(f), ∂) is a chain complex of F-vector spaces, i.e. ∂2 = 0.
Its homology is denoted by H∗(f ;F).
(ii) For f ∈ F+(g), the Morse homology H∗(f ;F) is isomorphic to the relative singular
homology H∗(M,∂M ;F).
(iii) For f ∈ F−(g), the Morse homology H∗(f ;F) is isomorphic to the singular homol-
ogy H∗(M ;F).
Next, we describe the intersection products •i, i = 1, 2, 3, in Morse homology, see [2],
[3], [7]. Choose a triple of Morse functions fi ∈ F−(g), for i = 1, 2, 3. After a generic
perturbation of the data F := {f1, f2, f3} we may assume that
(F 1) the functions fi are Morse-Smale for i = 1, 2, 3,
(F 2) Crit(f1) ∩ Crit(f2) = ∅,
(F 3) the triple intersections
M1x1,x2;x3 (F , g) := W u(x1; f1, g) ∩W u(x2; f2, g) ∩W s(x3; f3, g),
M2x1,x2;x3 (F , g) := W u(x1; f1, g) ∩W u(x2;−f2, g) ∩W s(x3; f3, g),
M3x1,x2;x3 (F , g) := W u(x1;−f1, g) ∩W u(x2;−f2, g) ∩W s(x3;−f3, g)
are transverse for any xi ∈ Crit(fi), i = 1, 2, 3.
16 SERGEI LANZAT
In this case, Mix1,x2;x3 (F , g) for i = 1, 2, 3 are either empty or smooth oriented
manifolds without boundary of dimension
dimM1x1,x2;x3 (F , g) = indf1(x1) + indf2(x2)− indf3(x3)− 2n,
dimM2x1,x2;x3 (F , g) = indf1(x1) + ind−f2(x2)− indf3(x3)− 2n,
dimM3x1,x2;x3 (F , g) = ind−f1(x1) + ind−f2(x2)− ind−f3(x3)− 2n,
which lie in M r U . The manifolds Mix1,x2;x3 (F , g) for i = 1, 2, 3 are compact in
dimension zero, and thus consist of a finite number of points, each of which is equipped
with an orientation sign ±1. Denote by n•i(x1, x2;x3) := #algMx1,x2;x3 (F , g) , i =
1, 2, 3 their algebraic number of elements. Then,
(•1) the F-bilinear map
CMk(f1)× CMl(f2)→ CMk+l−2n(f3),
(x1, x2) 7→
∑
x3∈Crit(f3)
indf3 (x3)=k+l−2n
n•1(x1, x2;x3)x3,
is a chain map that induces the intersection product •1 in homology,
(•2) the F-bilinear map
CMk(f1)× CMl(−f2)→ CMk+l−2n(f3),
(x1, x2) 7→
∑
x3∈Crit(f3)
indf3 (x3)=k+l−2n
n•2(x1, x2;x3)x3,
is a chain map that induces the intersection product •2 in homology,
(•3) the F-bilinear map
CMk(−f1)× CMl(−f2)→ CMk+l−2n(−f3),
(x1, x2) 7→
∑
x3∈Crit(−f3)
ind−f3 (x3)=k+l−2n
n•3(x1, x2;x3)x3,
is a chain map that induces the intersection product •3 in homology.
Suppose that f ∈ F±(g) is Morse-Smale and Λ is the Novikov ring as in (3). Define
the Morse chain complex (CM∗(f ; Λ), ∂Λ) with coefficients in the Novikov ring Λ by
CM∗(f ; Λ) := Crit∗(f)⊗ Λ, ∂Λ(x⊗ λ) =
∑
indf (x)−indf (y)=1
nf,g(x, y)y ⊗ λ.
The grading is given by deg(x⊗zsαqm) = indf (x)+2m. The Morse homology H∗(f ; Λ)
is isomorphic as a Λ-module either to the relative quantum homology QH∗(M,∂M)
for f ∈ F+(g) or to the absolute quantum homology QH∗(M) for f ∈ F−(g). Let
us describe the quantum products ∗i for i = 1, 2, 3 via the Morse homology. For a
class A ∈ Γ – see (5) – and pairwise distinct marked points z := (z1, z2, z3) ∈ (S2)3 ,
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choose a generic pair (J,H ) ∈ JHreg(M,∂M,ω,A, z) of an almost complex structure
and a Hamiltonian perturbation of the Cauchy-Riemann section – see [16, Sections
2.1.8-2.1.9]. Let gJ be the Riemannian metric induced by J . Take a generic Morse
data F := {f1, f2, f3} ⊆ F−(gJ) in the sense of (F i), i = 1, 2, 3, and take their critical
points xi ∈ Crit(fi), i = 1, 2, 3. Define the following subspaces of the spaceM(A, J,H )
of (J,H )-holomorphic A-spheres:
(M1) the space
M1x1,x2;x3 (A,F , gJ) :=
(evz,J,H )
−1 (W u(x1; f1, gJ)×W u(x2; f2, gJ)×W s(x3; f3, gJ))
of all (J,H )-holomorphic A-spheres u : CP1 →M such that
u(z1) ∈ W u(x1; f1, gJ), u(z2) ∈ W u(x2; f2, gJ), u(z3) ∈ W s(x3; f3, gJ),
(M2) the space
M2x1,x2;x3 (A,F , gJ) :=
(evz,J,H )
−1 (W u(x1; f1, gJ)×W u(x2;−f2, gJ)×W s(x3; f3, gJ))
of all (J,H )-holomorphic A-spheres u : CP1 →M such that
u(z1) ∈ W u(x1; f1, gJ), u(z2) ∈ W u(x2;−f2, gJ), u(z3) ∈ W s(x3; f3, gJ),
(M3) the space
M3x1,x2;x3 (A,F , gJ) :=
(evz,J,H )
−1 (W u(x1;−f1, gJ)×W u(x2;−f2, gJ)×W s(x3;−f3, gJ))
of all (J,H )-holomorphic A-spheres u : CP1 →M such that
u(z1) ∈ W u(x1;−f1, gJ), u(z2) ∈ W u(x2;−f2, gJ), u(z3) ∈ W s(x3;−f3, gJ).
Here, evz,J,H : M(A, J,H ) → M3 is the evaluation map given by evz,J,H (u) =
(u(z1), u(z2), u(z3)). Since the chosen data is generic, the above spaces are smooth
oriented manifolds of dimension
dimM1x1,x2;x3 (A,F , gJ) = 2c1(A)− 2n+ indf1(x1) + indf2(x2)− indf3(x3),
dimM2x1,x2;x3 (A,F , gJ) = 2c1(A)− 2n+ indf1(x1) + ind−f2(x2)− indf3(x3),
dimM3x1,x2;x3 (A,F , gJ) = 2c1(A)− 2n+ ind−f1(x1) + ind−f2(x2)− ind−f3(x3).
They are compact in dimension zero, and thus consist of a finite number of points,
each of which is equipped with an orientation sign ±1. Denote by nA∗i(x1, x2;x3) :=
#FMix1,x2;x3 (A,F , gJ) , i = 1, 2, 3, their algebraic (over F) number of elements. We
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then define
(∗1) the Λ-bilinear map CMk(f1; Λ)× CMl(f2; Λ)→ CMk+l−2n(f3; Λ)
(x1 ⊗ λ1, x2 ⊗ λ2) 7→
∑
A∈Γ
(x1 ∗1 x2)A ⊗ s−ω(A)q−2c1(A)λ1λ2,
where
(x1 ∗1 x2)A :=
∑
x3∈Crit(f3)
dimM1x1,x2;x3 (A,F ,gJ )=0
nA∗1(x1, x2;x3)x3,
is a chain map that induces the intersection product ∗1 in quantum homology,
(∗2) the Λ-bilinear map CMk(f1; Λ)× CMl(−f2; Λ)→ CMk+l−2n(f3; Λ)
(x1 ⊗ λ1, x2 ⊗ λ2) 7→
∑
A∈Γ
(x1 ∗2 x2)A ⊗ s−ω(A)q−2c1(A)λ1λ2,
where
(x1 ∗2 x2)A :=
∑
x3∈Crit(f3)
dimM2x1,x2;x3 (A,F ,gJ )=0
nA∗2(x1, x2;x3)x3,
is a chain map that induces the intersection product ∗2 in quantum homology,
(∗3) the Λ-bilinear map CMk(−f1; Λ)× CMl(−f2; Λ)→ CMk+l−2n(−f3; Λ)
(x1 ⊗ λ1, x2 ⊗ λ2) 7→
∑
A∈Γ
(x1 ∗3 x2)A ⊗ s−ω(A)q−2c1(A)λ1λ2,
where
(x1 ∗3 x2)A :=
∑
x3∈Crit(−f3)
dimM3x1,x2;x3 (A,F ,gJ )=0
nA∗3(x1, x2;x3)x3,
is a chain map that induces the intersection product ∗3 in quantum homology.
2.7. The PSS isomorphisms. Recall that if f± ∈ F±(g) are admissible Morse-Smale
functions, then the Morse homology H∗(f+; Λ) is isomorphic to the relative quantum
homology QH∗(M,∂M) as an Λ-algebra, and the Morse homology H∗(f−; Λ) is iso-
morphic to the absolute quantum homology QH∗(M) as an Λ-algebra. Using these
isomorphisms let ∗+ : H∗(f+; Λ)⊗H∗(f+; Λ)→ H∗(f+; Λ) be the corresponding quan-
tum product ∗3 on QH∗(M,∂M), and let ∗− : H∗(f−; Λ) ⊗ H∗(f−; Λ) → H∗(f−; Λ)
be the corresponding quantum product ∗1 on QH∗(M), see (6). Following the argu-
ments of U. Frauenfelder and F. Schlenk in [14, Section 4] we shall construct the
Piunikhin-Salamon-Schwarz-type isomorphisms of Λ-algebras
Φ±PSS :
(
H∗(f±; Λ), ∗±
)→ (HF∗ (H±, J±; Λ) , ∗±PP ) ,
see also [27]; [21, Section 12.1].
Given two admissible almost complex structures J−∞, J+∞ ∈ J S1,P−2ε , consider the
space J S1,P−2ε(J−, J+) of smooth families of admissible almost complex structures,
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such that (Js)s∈R ∈ J S1,P−2ε(J−∞, J+∞) if and only if Js ∈ J S1,P−2ε for all s ∈ R and
there exists s0 = s0(Js) > 0 such that Js = J
−∞ for s ≤ −s0 and Js = J+∞ for s ≥ s0.
Consider regular admissible Hamiltonian H := H+ ∈ H+reg and admissible Morse-
Smale functions f+ ∈ F+(g). There exists Ĥ ∈ Ĥ+, such that H = Ĥ|S1×M and
Ĥ|S1×P0 = h ◦ e for some h ∈ C∞(R) satisfying 0 ≤ −h′(er) < κ for all r ≥ 0. Take a
smooth homotopy (hs)s∈R ⊆ C∞(R), such that
(h1) hs = 0, s ≤ 0,
(h2) ∂sh
′
s(e
r) ≤ 0 for all r ≥ 0 and all s ∈ R,
(h3) hs = h, s ≥ 1,
and then choose a smooth homotopy (Ĥs)s∈R ⊆ C∞
(
S1 × M̂
)
, such that
(H1) Ĥs = 0, s ≤ 0,
(H2) Ĥs|S1×P0 = hs ◦ e, 0 ≤ s ≤ 1,
(H3) Ĥs = Ĥ, s ≥ 1.
We define Hs ∈ C∞(S1 ×M) to be Hs := Ĥs|S1×M . The following important theorem
was proved in [14, Theorem 4.1], see also [27, Example 3.3].
Theorem 2.7. Let J+∞ ∈ J S1,P−2ε be an H-regular admissible almost complex struc-
ture and J−∞ ∈ J S1,P−2ε be an arbitrary admissible almost complex structure. For any
x = [x, x¯] ∈ P˜H and a generic element (Js)s∈R ∈ J S1,P−2ε(J−∞, J+∞) the moduli space
M (x, (Hs)s∈R, (Js)s∈R) of the problem
(41)

u ∈ C∞
(
R× S1, M̂
)
,
∂su+ Ĵs,t(u)
(
∂tu−XĤs,t(u)
)
= 0,∫
R×S1 |∂su|2 <∞,
lim
s→+∞
u(s, t) = x(t),
u#(−x¯) represents the zero class in Γ.
is a smooth manifold of dimension 2n − µ(x). Here, Ĵs,t = Ĵs(·, t) is the extension of
Js(·, t) and Ĥs,t = Ĥs(·, t).
Remark 2.8. The finite energy condition, the condition (H1) and the removable of
singularities theorem imply that the limit lims→−∞ u(s, t) exists, which is a point in M̂ .
By the maximum principle, see Corollary 2.4, it actually lies in M r ∂M . Moreover,
since the homotopy hs satisfies the condition (h2), the maximum principle, see Corol-
lary 2.4 - (ii), implies that the map u#(−x¯) is a sphere in M r ∂M for any solution
u ∈M (x, (Hs)s∈R, (Js)s∈R).
We have a well-defined smooth evaluation map ev : M (x, (Hs)s∈R, (Js)s∈R) → M ,
ev(u) = lims→−∞ u(s, t). For generic family (Js)s∈R the map ev is transversal to every
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unstable manifold W u(p; f+, g), p ∈ Crit(f+). Hence for every p ∈ Crit(f+) and every
x = [x, x¯] ∈ P˜H the moduli space of mixed trajectories
(42) Mp x+ :=

(γ, u)
γ ∈ C∞((−∞, 0],M),
u ∈M(x, (Hs)s∈R, (Js)s∈R),
γ′(s) = −∇gf+(γ(s)), lim
s→−∞
γ(s) = p,
γ(0) = ev(u), lim
s→+∞
u(s, t) = x(t),
u#(−x¯) represents the zero class in Γ.

is a smooth manifold of dimension indf+(p) − µ(x). It carries an orientation, see
[13]. When indf+(p) = µ(x) the manifold Mp x+ is zero dimensional, and by strong
semi-positivity its compact, i.e. a finite set of oriented points. In this case denote by
nPSS+ (p,x) := #FMp x+ the algebraic (over F) number of its elements. Following [27]
and [14] we define a Λ-module homomorphism φ+PSS : CM∗(f
+; Λ)→ CF∗(H+, J+∞; Λ)
by the Λ-linear extension of
(43) φ+PSS(p⊗ 1) :=
∑
x∈P˜H
indf+ (p)=µ(x)
nPSS+ (p,x)x⊗ 1 (mod R).
By [15, Theorem 3.3] and [34, Corollary 3.4], the map is indeed a well-defined Λ-module
homomorphism, which respects the grading. Recall that for the Morse chain complex
(CM∗(f+; Λ), ∂Λ) with coefficients in the Novikov ring Λ we have
∂Λ(p⊗ λ) =
∑
q∈Crit(f+)
indf+ (p)−indf+ (q)=1
nf+,g(p, q)q ⊗ λ.
Since (M,ω) is strongly semi-positive, we may apply the standard gluing and com-
pactness arguments to get that for every p ∈ Crit(f+), x = [x, x¯] ∈ P˜H such that
indf+(p)− µ(x) = 1∑
q∈Crit(f+)
indf+ (p)−indf+ (q)=1
indf+ (q)=µ(x)
nf+,g(p, q)n
PSS
+ (q,x) =
∑
y∈P˜H
indf+ (p)=µ(y)
µ(y)−µ(x)=1
nPSS+ (p,y)nH+,J+∞(y,x).
It follows that φ+PSS intertwines the Morse and the Floer boundary operators and hence
it induces a homomorphism of Λ-modules Φ+PSS : H∗(f
+; Λ) → HF∗ (H+, J+∞; Λ) .
In order to show that Φ+PSS is a Λ-module isomorphism we construct its opposite
homomorphism of Λ-modules ΨPSS+ : HF∗ (H
+, J+∞; Λ)→ H∗(f+; Λ). For that matter
we define the chain-homotopic inverse ψPSS+ : CF∗(H
+, J+∞; Λ) → CM∗(f+; Λ) of
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φ+PSS as explained in [14, Section 4]. Note that the closure⋃
x∈Crit(f+)
W s(x; f+, g)
of the union of stable submanifolds of f+ lies in Mr∂M . Choose an open neighborhood
V ⊂ M r ∂M of this closure. Then choose a smooth homotopy (Ĥs)s∈R ⊆ Ĥ+, such
that for the restriction Hs := Ĥs|S1×M there exits s0 < 0 for which we have
Hs
∣∣
V
= 0, if s ≤ s0 and Hs = H, if s ≥ −s0.
As before, Ĥs|S1×P0 = hs ◦ e for some hs ∈ C∞(R) satisfying 0 ≤ −h′s(er) < κ for all
s ∈ R and all r ≥ 0. Assume, in addition, that the homotopy (hs)s∈R ⊆ C∞(R) is
constant h ∈ C∞(R), i.e. independent of the s-parameter and that h′(1) < 0.
Now, for any x = [x, x¯] ∈ P˜H and a generic element (J−s)s∈R ∈ J S1,P−2ε(J−∞, J+∞)
the moduli space M (x, (H−s)s∈R, (J−s)s∈R) of the problem
(44)

u ∈ C∞
(
R× S1, M̂
)
,
∂su+ Ĵ−s,t(u)
(
∂tu−XĤ−s,t(u)
)
= 0,∫
R×S1 |∂su|2 <∞,
lim
s→−∞
u(s, t) = x(t),
u#(−x¯) represents the zero class in Γ.
is a smooth manifold of dimension µ(x). As above, we have a well-defined smooth
evaluation map
ev :M (x, (H−s)s∈R, (J−s)s∈R)→M r ∂M, ev(u) = lim
s→+∞
u(s, t).
For generic family (J−s)s∈R the map ev is transversal to every stable manifoldW s(p; f+, g),
p ∈ Crit(f+). Hence for every p ∈ Crit(f+) and every x = [x, x¯] ∈ P˜H the moduli
space of mixed trajectories
(45) Mx p+ :=

(u, γ)
u ∈M (x, (H−s)s∈R, (J−s)s∈R) ,
γ ∈ C∞([0,+∞),M),
γ′(s) = −∇gf+(γ(s)), lim
s→+∞
γ(s) = p,
γ(0) = ev(u), lim
s→−∞
u(s, t) = x(t),
x¯#u represents the zero class in Γ.

is a smooth manifold of dimension µ(x) − indf+(p). It carries an orientation. When
indf+(p) = µ(x) the manifoldMx p+ is zero dimensional, and by strong semi-positivity
its compact, i.e. a finite set of oriented points. In this case denote by nPSS+ (x, p) :=
#FMx p+ the algebraic (over F) number of its elements. Following [27] and [14] we
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define a Λ-module homomorphism ψPSS+ : CF∗(H
+, J+∞; Λ) → CM∗(f+; Λ) by the
Λ-linear extension of
(46) ψPSS+ (x⊗ 1) :=
∑
p∈Crit(f+)
indf+ (p)=µ(x)
nPSS+ (x, p)p⊗ 1.
By [15, Theorem 3.3] and [34, Corollary 3.4], the map is indeed a well-defined Λ-
module homomorphism, which respects the grading. Applying the standard gluing and
compactness arguments for strongly semi-positive symplectic manifolds we conclude for
every p ∈ Crit(f+), x = [x, x¯] ∈ P˜H such that µ(x)− indf+(p) = 1∑
q∈Crit(f+)
indf+ (q)−indf+ (p)=1
indf+ (q)=µ(x)
nPSS+ (x, q)nf+,g(q, p) =
∑
y∈P˜H
indf+ (p)=µ(y)
µ(x)−µ(y)=1
nH+,J+∞(x,y)n
PSS
+ (y, p).
It follows that ψPSS+ intertwines the Morse and Floer boundary operators and hence
it induces a homomorphism of Λ-modules ΨPSS+ : H∗(f
+; Λ) → HF∗ (H+, J+∞; Λ).
Following the arguments from [27, Theorems 4.1 and 5.1]; [21, Sections 12.1 − 12.2];
[5, pages 2350− 2351 ], we conclude that
Φ+PSS :
(
H∗(f+; Λ), ∗+
)→ (HF∗ (H+, J+∞; Λ) , ∗+PP )
Ψ+PSS :
(
HF∗
(
H+, J+∞; Λ
)
, ∗+PP
)→ (H∗(f+; Λ), ∗+)
are mutually opposite Λ-algebras isomorphisms.
Repeating the above constructions for the opposite data:
• the Morse-Smale function f− := −f+ ∈ F−(g),
• the regular Hamiltonian H− := H(−1), where H(−1)(t, x) := −H(−t, x) ∈ H−reg,
• the generic family (J (−1)s )s∈R ∈ J S1,P−2ε
(
(J−∞)(−1) , (J+∞)(−1)
)
, such that (J+∞)(−1)
is H−-regular, where J (−1)s (t, p) := Js(−t, p),
we get mutually opposite Λ-algebras isomorphisms
Φ−PSS :
(
H∗(f−; Λ), ∗−
)→ (HF∗ (H−, (J+∞)(−1) ; Λ) , ∗−PP)
Ψ−PSS :
(
HF∗
(
H−,
(
J+∞
)(−1)
; Λ
)
, ∗−PP
)
→ (H∗(f−; Λ), ∗−) .
3. Spectral invariants
Recall that Hamc(M,ω) is the group of smooth compactly supported Hamiltonian
diffeomorphisms of (M,ω), i.e. the group of time-1-maps φ1H
Hamc(M,ω) := {φ = φ1H | H ∈ Hc(M)},
where φtH is the flow generated by the time-dependent Hamiltonian vector field XHt of
H and Hc(M) is the space of C∞-smooth compactly supported functions on S1 ×M .
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Denote by H˜amc(M,ω) the universal cover of Hamc(M,ω), i.e. the set of homotopy
classes φ˜ := φ˜1H := [φ(s)]rel {id,φ(1)=φ1H} relatively to fixed ends of smooth identity-based
paths
s 7→ φ(s) ∈ C∞ (([0, 1], {0}), (Hamc(M,ω), id)) .
We shall write H ∼ K if φ˜1H = φ˜1K . Denote also (QH+∗ , ∗+) := (QH∗(M,∂M ; Λ), ∗3)
and (QH−∗ , ∗−) := (QH∗(M ; Λ), ∗1).
Following the papers of Viterbo [37], Schwarz [33] and Oh [23] we define two kinds
of spectral invariants
(47) c± : QH±∗ ×Hc(M)→ R,
which descend to
(48) c± : QH±∗ × H˜amc(M,ω)→ R
as follows. First, for a regular admissible pair (H±, J±), with H± ∈ H±reg, and for
0 6= a± ∈ QH±∗ we define
(49) c±(a±, H±) := inf
{
α ∈ R | Φ±PSS(a±) ∈ HF (−∞,α)∗ (H±, J±; Λ)
}
.
We note that the equivalent definition of the spectral numbers is
(50) c±(a±, H±) := sup
{
`H±
(
c±
) | c± ∈ CF∗(H±; Λ), [c±] = Φ±PSS(a±)} .
In particular,
(51) c±(a±, H±) := sup
m
c±
((
a±
)[m]
, H±
)
,
where (a±)[m] is the degree-m-component of a±.
For the next proposition we need the following refinement. Denote by H±lin the
subspace ofH± consisting of Hamiltonians with linear completions. Namely, H± ∈ H±lin
if and only if the corresponding completion Ĥ± restricted to the tube P−2ε has a form
Ĥ±
∣∣
P−2ε
(x, r) = A±er +B±, A±, B± ∈ R.
Note that the slope A± must satisfy
(52) 0 ≤ ∓A± < κ.
Denote also H±lin,reg := H±lin ∩H±reg.
Proposition 3.1.
(i) Spectral numbers c±(a±, H±) are finite.
(ii) Spectral numbers c±(a±, H±) do not depend on the choice of H±-regular almost
complex structures J± .
(iii) For H±, K± ∈ H±lin,reg, we have
c±(a±, H±)− c±(a±, K±) ≤
∫ 1
0
max
p∈M
(H±(t, p)−K±(t, p))dt
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and
c±(a±, H±)− c±(a±, K±) ≥
∫ 1
0
min
p∈M
(H±(t, p)−K±(t, p))dt.
It follows that
|c±(a±, H±)− c±(a±, K±)| ≤ ‖H± −K±‖L(1,∞) ,
where the L(1,∞)-norm ‖·‖L(1,∞) on C∞([0, 1]×M) is defined as
‖H‖L(1,∞) :=
1∫
0
(
sup
x∈M
H(t, x)− inf
x∈M
H(t, x)
)
dt.
In particular, the functions H± 7→ c±(a±, H±) are C0-continuous on H±lin,reg.
Proof. The proof of items (i) and (ii) follows verbatim the proof of [25, Theorem
5.3]. The proof of (iii) follows verbatim the proof of [25, Proposition 5.8] once the
corresponding continuation homomorphisms
HF∗(H±, J±; Λ)→ HF∗(K±, J±; Λ)
are isomorphisms. By the choice of slopes of the completions, see (52), this indeed
holds, see [30, Lemma 11]. 
Corollary 3.2. The functions c± : H± 7→ c±(a±, H±) can be C∞-continuously ex-
tended to functions c± : H±lin → R, which are 1-Lipschitz w.r.t. the L(1,∞)-norm.
In particular, c±(a±, H) are well defined for C∞-smooth compactly supported H ∈
Hc(M) ⊂ H+lin ∩H−lin.
Proof. Since H±lin,reg are C∞-dense in H±lin, define
c±(a±, H±) := lim
n→+∞
c±(a±, H±n ),
for any H± ∈ H±lin, where H±lin,reg 3 H±n C
∞−→ H±. 
Proposition 3.3. For any H±, K± ∈ H±lin and any 0 6= a±, b± ∈ QH±∗ we have the
following properties of spectral numbers.
(Spectrality) If (M,ω) is rational, i.e. the group ω
(
HS2 (M)
) ≤ R is a discrete
subgroup of R, or if (M,ω) is irrational, but the Hamiltonians H± are non-degenerate,
then c±(a±, H±) ∈ Spec(H±).
(Quantum homology shift property) c±(λa±, H±) = c±(a±, H±) + ν(λ) for all
λ ∈ Λ, where ν is the valuation from Definition 1.4.
(Monotonicity) If H± ≤ K±, then c±(a±, H±) ≤ c±(a±, K±).
(C0-continuity) |c±(a±, H±)− c±(a±, K±)| ≤ ‖H± −K±‖L(1,∞) .
(Symplectic invariance) c±(a±, ψ∗H±) = c±(a±, H±) for every ψ ∈ Symp0c(M,ω).
(Normalization) c±(a±, 0) = ν(a±) for every a± ∈ QH±∗ , see Definition 1.4.
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(Homotopy invariance) If H,K ∈ Hc(M) and H ∼ K then c±(a±, H) = c±(a±, K).
Thus one can define c±(a±, φ˜) for any φ˜ ∈ H˜amc(M,ω) as c±(a±, H) for any H ∈
Hc(M) generating φ˜, i.e. φ˜ = φ˜1H .
(Triangle inequality) For any H,K ∈ Hc(M) then
c±(a± ∗± b±, H#K) ≤ c±(a±, H) + c±(b±, K),
and thus, for any φ˜, ψ˜ ∈ H˜amc(M,ω) we have
c±(a± ∗± b±, φ˜ψ˜) ≤ c±(a±, φ˜) + c±(b±, ψ˜).
(Poincare´-Lefschetz duality) Let Π2 : QH
+
∗ ×QH−2n−∗ → F be the non-degenerate
pairing defined in (9). Then
c±(a±, H±) = − inf
{
c∓
(
b∓,
(
H±
)(−1))
Π2(a
±, b∓) 6= 0
}
.
In particular, for any φ˜ ∈ H˜amc(M,ω) we have
c±
(
a±, φ˜
)
= − inf
{
c∓
(
b∓,
(
φ˜
)−1)
Π2(a
±, b∓) 6= 0
}
.
Proof. (Spectrality) For H± ∈ H±lin,reg it follows from the general algebraic theory of
M. Usher, see [35, Corollary 1.5]. For degenerate H± ( in the rational case) we use the
approximation technique due to Y.-G. Oh, see [25, Theorem 6.4].
(Quantum homology shift property) It follows directly from the equation
`H±
(
Φ±PSS(λa
±)
)
= `H±
(
λΦ±PSS(a
±)
)
= `H±
(
Φ±PSS(a
±)
)
+ ν(λ).
(Monotonicity) It follows from Proposition 3.1, item (iii).
(C0-continuity) It follows from Corollary 3.2.
(Symplectic invariance) It follows verbatim from [25, Theorem 5.9, item 3].
(Normalization) It follows from [23, formula (5.14)] .
(Homotopy invariance) Given a Hamiltonian Ht, denote Ht := Ht −
∫
M
Htω
n.
Let H±, K± ∈ H±lin,reg, such that H± ∼ K±. Then H± ∼ K± and using the argument
in [24, Theorem I], we get that Spec(H±) = Spec(K±). Repeating the argument of
[25, Theorem 6.1], we conclude that
c±(a±, H±) = c±(a±, H±)−
∫ 1
0
∫
M
H±ωndt = c±(a±, K±)
= c±(a±, K±)−
∫ 1
0
∫
M
K±ωndt.
If H,K ∈ Hc(M) and H ∼ K then H ∼ K. Following the proof of [25, Theorem
6.1], we take sequences {H±n }n∈N, {K±n }n∈N ⊂ H±lin,reg, which C∞-converge to H and
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K respectively. Then K#H±n #K
inv ∈ H±lin,reg, where Kinv(t, x) := −K(t, φtK(x))
generates (φtK)
−1, and by the symplectic invariance we have
c±(a±, H±n ) = c
±(a±, K#H±n #K
inv).
On the other hand, since H ∼ K,
K#H±n #K
inv ∼ K#H±n #H inv.
Thus
c±(a±, K#H±n #K
inv)−
∫ 1
0
∫
M
(K#H±n #K
inv)ωndt
= c±(a±, K#H±n #H
inv)−
∫ 1
0
∫
M
(K#H±n #H
inv)ωndt.
By taking the limit n → +∞, using the continuity of the spectral numbers and the
fact that H#H inv = 0, we get
c±(a±, H)−
∫ 1
0
∫
M
(K#H#Kinv)ωndt = c±(a±, K)−
∫ 1
0
∫
M
Kωndt.
But,
∫ 1
0
∫
M
Hωndt = Cal(H) is the Calabi invariant and
K#H#Kinv ∼ K#H#H inv = K
implies that Cal(K#H#Kinv) = Cal(K).
(Triangle inequality) Let H,K ∈ Hc(M). Take H˜±, K˜± and H˜#K
±
∈ H±lin,reg
approximating H,K and H#K respectively. Moreover, if AH˜± , AK˜± and AH˜#K
± are
the slopes of the corresponding completions, we assume that
2AH˜± = 2AK˜± = AH˜#K
± =: A±.
Now take G± ∈ H±lin,reg with slope A± of its completion. Then the continuation
maps for pairs
(
H˜±, 1
2
G±
)
,
(
K˜±, 1
2
G±
)
and
(
G±, H˜#K
±)
are isomorphisms (actually
identities), see [30, Lemma 11]. In particular, the pair-of-pants products ∗±PP are also
defined for a triple
(
H˜±, K˜±, H˜#K
±)
. Moreover, by taking monotone-decreasing
homotopies in the continuation construction for the pairs
(
H˜±, 1
2
G±
)
,
(
K˜±, 1
2
G±
)
and(
G±, H˜#K
±)
, see [28, Section 2.9], and by gluing the corresponding continuation
cylinders with a pair-of-pants surface for a triple
(
1
2
G±, 1
2
G±, G±
)
, we get a sharp
energy estimate for the triple
(
H˜±, K˜±, H˜#K
±)
by summing up energy estimates
coming from the corresponding continuation cylinders, see [28, Section 2.9], and from
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the sharp energy estimate for the pair of pants (39).
Now, we can repeat the argument from [25, Section 7.4].
(Poincare´-Lefschetz duality) It follows from the general algebraic theory of M.
Usher, see [36, Corollary 1.4]. 
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